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JACOB'S LADDERS AND NEW CLASS OF INTEGRALS 
CONTAINING PRODUCT OF FACTORS C 2 

JAN MOSER 



Abstract. In this paper we obtain new properties of a signal generated by 
the Riemann zeta-function on the critical line. At the same time we obtain an 
asymptotic formula for a new class of transcendental integrals connected with 
the Riemann zeta-function 
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1. Introduction 
1.1. In the paper [4j we have obtained the following formula 
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, T — > oo. 
A motivation for this formula was the well-known multiplicative formula 

Cn \ n 

n x k \ = n M(x k ) 
fc=i / *;=i 

from the theory of probability where X k are the independent random variables and 
M is the population mean. Some new art of the asymptotic independence of the 
partial functions 
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, te [<p k 1 (T), V > k 1 (T + U)], fe = 0,l,.-.,n 
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is expressed by this formula. 

1.2. For example, by using the mean- value theorem in (jl.ip we obtain 
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i. e. (see (ll.l[). m-m-1) 
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But 
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is the mean value with respect to the set of functions 
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i. e. t n is the nonlinear functional 
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that is defined on the continuum set of points 
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Let us remind that there is the continuum set of the Jacob's ladders (see pQ gen- 
erating the set of the iterations (|1.5|l ). At the same time it follows from (|1.2|) 
that 
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, re(T,r + c/) 



where r is completely independent on the set of points (|1.5|l . 

Remark 1. Thus, the mean- value (jl.21) with respect to the set of functions (|1.3|l is 
asymptotically independent on this set. 

Remark 2. Now, let k : 1 < k < n. Then we have the mean-value 
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(1.7) 



'•• [^+iVi(h) 



of the inner factor of the product in (|1.1[) with respect to the set (comp. (|1.3t ) 



(1.8) 
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where (comp. (11. 4[) ) 
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is the functional defined on the continuum set of points 
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In this case the mean- value (|1.7|l is not, probable, asymptotically independent on 
the set (fl~8i 
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1.3. In this paper we obtain new properties of the signal 
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Z(t) = e l » w C [-z + it , 0(t) = --ln7r + Imlnr 
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generated by the Riemann zeta-function on the critical line. Namely, we obtain an 
asymptotic formula for a new class of transcendental integrals of the type 
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where 

F(w), we[^ +l (T),^ +1 (T + U)], F(w) >0(<0) 

is an arbitrary Lebesgue integrable function. In this direction, we obtain, for ex- 
ample, new asymptotic formulae generalizing our formulae containing the factors 

cQ+^i(t)) > {argcQ+*Vi(*))} , *GN. 

Further we obtain the new effect for the macroscopic domains, i. e. for 
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Namely: 

(a) the transformations 

[T, T + U}^ [<p1(T), v *(T + 17)], k = 1, . . . ,n + 1 

asymptotically preserve the measure (the length) of the segment [T, T + £/] , 
i. e. that 

\[<p k 1 (T),<p k 1 {T + U)}\ ~U, fc = l,...,n+l, T^oo; 

(b) the segments 

{[^(T),^(T + C/)]}S 
arc distributed with an exact asymptotic regularity. 



2. The result 
2.1. Let us remind that the formula (comp. [4], (3.7), (3.8)) 

(2.1) 
and 

z\t) |C (£ + **) 
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^(*) = 
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where <p(t) is the Jacob's ladder, i. e. the exact solution of the nonlinear integral 
equation 
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n(y) > 7y^y, Kv) -> v = <p»(t) = <p(t) 
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(see pQ). Next, we have (see g], (2.1)) 

V = l<p(t) = <pi(t)i <p$(t) = t, <p\(t) = ifi{t), 

ip\(t) = y>i(ipi(t)), ■■■, ¥>*(*) = ¥>i(Vi _1 (*)). • • • 
where yj(t) stands for the fcth iteration of the Jacob's ladder 

(of course, fi(t), t G [T, T + U] are the increasing functions.) The following 
Theorem holds true. 

Theorem. Let 
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Then for every fixed n£N and for every Lebesgue-integrable function 

F(t), t G [tf +l (T),tf +1 (T + U% F(t) > (< 0) 

we have 

(2.5) 

where 
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(2.7) 
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^ + '(T) 



^(T + /7)-^(T)<-i— -^-, fc = l,...,n+l, 
2n + 3 In J 

^(T + £/) - V *(T) > 0.2 x ^, fc = 0, 1, . . . , n. 



Next, in the macroscopic case (comp. (I2.4[l ) 
(2.8) U G 

wc have more exact information 
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(2.9) |[^(T),^(T + C/)]|=^(T + /J)-^(T)^/J, fe=l,...,, 



(2.10) 



T 



pf (T) - ip« x + \T + U) ~ (1 - c)— , fc = 0, 1, . . . ,n, 



T 



(2U) p{[^- 1 (T),^- 1 (T + [/)];[^(T),^(r + t/)]}~(l-c)- lnT . 

fc = l,...,n + l 

where p denotes the distance of the corresponding segments. 

Remark 3. In the macroscopic case (|2.8|l the following is true. The system of 
iterated segments 

(2.12) [tf +1 (T),tf +1 (T + U)}, [tf(T),tf(T + U)], ...,[T,T + U] 

is the disconnected set and its components are: 

(a) asymptotically equal (see (|2.9p ). 
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(b) distributed with the asymptotic regularity from the right to the left (see 
(12101) - HH2]) ). 



Remark 4. Every Jacob's ladder 



ViW = 2^) 



u 



(see (12.1|) ) where <£>(£) is the exact solution of the nonlinear integral equation (12.3[) 
is the asymptotic solution of the following nonlinear integro-iteration equation 

(2 ' 13) f ^"^(T+r/) ^ 

= { / F(t)dt ^ ln™ +1 T 

[7x»+i(T) J 

(comp. (12.5p ) where 

«o(t) = t, z 1 ^) = *(*), x 2 (i) = a:(a;(t)), . . . 

i. e. the function x k (t) is the kth iteration of the function x(i), (comp. (J2.13I) with 
0, (11.1), (11.4), (11.6), (11.8), 4 , (2.5) and .5 , (2.6)). 

Remark 5. Similar remarks like Remark 1 - Remark 2 hold true also when speaking 
on the independence of the mean-value. 

2.2. By ([H]) and the formula (see g], (3.5)) 

t-^ +1 {t)~{l-c){n + l)-L 



lni 



we obtain easily (for example) from (j2.5[) the following 
Corollary. In the macroscopic case (|2.8[) we have 
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for every fixed I,n£ff where 



Si(T) = y 5(t)d«, 5(i) = i argC Q + it) 
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and the argument is defined by the usual way (comp. [6 , p. 179). 

Remark 6. The formulae (|2.15|) - (|2.17|) are can be understand as generalization of 
our formulae [3], (8.3), [5], Lemma 2, (5.4), (5.5). The formula (|2.14p can be com- 
pared with the formula (2.3) from the paper of reference [¥j in the macroscopic case. 
The small improvements of the Heath-Brown exponent | in (|2.15[) are irrelevant 
for our purpose. 



3. Proof of Theorem 
3.1. By the formula (see @], (3.9)) 

n , n+1 



dt 
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we obtain 
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Since (see 


H, (3.3), (3.6)) 




t>ri(t)>ri(t)>-.->tf +1 (t) : 




(1 - e)T < <^ +1 (T) <T 


then 






(l-e)T<tf +1 (T)<T + U 7 £/e(o,^ 



F(t)dt. 



Consequently, 

(3.2) T'e ((p'l +1 (T),T + U) =► lnT' = mT+0(l). 

Now, if we use the mean- value theorem on the left-hand side of (13.11) we obtain (see 
(I2~2l) . (OLD) 



2 

d*. 



Hence, from (13. ip by (|3.3[) the asymptotic formula (|2.5p follows. 
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3.2. Let us remind the estimates (see [IJ, (3.15)) 

It is clear that by the substitution 

2n + l -)• (2n + 3) 2 
(for example) in [4], part 3.4 we obtain the estimates 



2fc + l T 



1 



T 



(3.4) ^T + U)-^T)<^- TW —< 2n + 3lnT 
i. e. the inequality (|2.6j) holds true. 



, k = !,...,« + 1, 



Next we have (see [1], (3.4)) 
(3.5) ^(T) - ^ +1 (T + U) + ^ +1 (T + U)- ^ +1 {T) > (1 - e)(l - c) 
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inr' 



Consequently we have (see ()3.4 
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rf(T) - ^i +1 (r + U) > (1 - e)(l - c)— - - M +1 (T + 17) - ^ +1 (T)} > 
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InT 2n + 31nT 



> 1-c- 
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2n + 3 
T 



T 



1 \ T T 

(1-c el- >(0.22-e)- > 0.2, 

5 / InT v ; lnT InT' 



since 



i. e. the inequality (J2.7J) holds true. 

3.3. We use the Hardy-Littlewood-Ingham formula 

i-T+U 



(3.6) 



c < 0.58 => \-c> 0.42 > - = 0.2, 
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Z^(t)dt~UlnT, U € 



T-r 



'ln 2 T 



where ^ is the Balasubramanian exponent (the small improvements of the exponent 
i are irrelevant for our purpose), and our formula (see [3], (2.5)) 

/■T+U 

(3.7) / Z 2 (t)dt-{^(T + t/)-^i(T)}lnT. 
Jt 

Comparing the formulae (|3.6[) and (|3.7p we obtain 

<p\(T + U) - <p\ (T) = Vl (T + U) - Vl (T) ~ U. 
Similarly, by comparison in the cases (see (|2.6p ) 

T^p{(T), T + U^<p\(T + U);... 
we obtain 

(3.8) ^(T + U)-^{T)^U, fc = l,...,n + l 

i. e. the formula (J2.9I) holds true. 
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3.4. Next, we have (see (0, (03]), (|3~51) ) 

^(T) - V \+\T + U) + ^ +1 (T + U) - ^ +1 (T) ~ (1 - C )^L, 

p*(T) - ^ +1 (T + 17) ~ (1 - c)^ - W1 +1 (T+ U) ^ +1 (T)} ~ 

T T 

V Vt V ; lnT 

i. e. the formula (|2.10[) holds true. The proposition (|2.11[) follows from (|2.10[) . 

I would like to thank Michal Dcmetrian for helping me with the electronic version 
of this work. 
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